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Classifications of queues

0 Models for state space Markov chains
OX/ X/ XXX

Distribution of time
(M, D, E,, H,, G)

Distribution of time
(M, D, E,, H,, G)

No. of

Size of

—> Sijze of
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Classifications of queues (cont’d)

O M: (Memoryless)

O D:

O E,: r-stage

O H,: k-stage

O G:

O (ex) M/M/1/cofco (MIM/1)
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Queuing discipline

0 Based on the order of from the queue

O FCFS/ LCFS/ RR (Round Robin)/ PS (Processor SharingRandom/
Priority/ SJF/ LIF

(Similar to RR but time slice is very )

A/(yvhere the new one can stop the one in )

0 Based on preemption modes for priority or LCFS quea
O Non-preemptive/ Preemptive-resume/ Preemptive-resta
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System utilization

O Utilization( p): Fraction of time a system is busy
O Bottleneck: Component with a utilization close to 1

o % % Xy services
| T | 1 | | I ( )

(Job arrivals)

N N
] an . zxn/N X
p=lim*xt—=lim 2= =—=AX
Noow N Noo N a
>a, >a. /N
n=1 n=1

O Multi-server system:p = % (withm servers)

O (Ex 6.2) For a queue with 2 servers of service ratef n respectively
and arrival rate of A, the utilization is
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Little’s theorem

O Assume a(0) = d(0) and af = d(1),
and k customers have arrived duringt

A
No. GlestiylEtEr tiontl o & = avg. customer arrival rate
cuosfto : i - a(T) K
a(t):Noxqf arrivals at t MRS
mers d(t): No. of departures T T
A att
n(H=a(t) - d(»): No. of T = avg. delay time per customer
customers at t _ 1 a(t)
= 3,
a0 | a(T) k=1
N = avg. no. of customers in the
system
A _ 1t
|ty 9O = = [n(t)dt
a(t)-d(t) To
<« 1
A 4 > T a(t)
t A = j(@(t)-d(t)dt = 3t,
0 =
T
[(n(t))dt =a(T)T
o (holds for any displine)
TN =ATT, N=AT«
J Work Conserving system (no work is created or within the sy$tem
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Little’s theorem (example)

O (Em 6.1) Observes 32 customers per hour arriving othe average
and notices that each customer exits after 12 mines on the
average, how many customers stay inside on the aage?

O (Ex 6.3) A simulation program has finished the exetion of 12.356
jobs while 25.6 jobs arrive on the average per mirte. How long
each job takes to finish on the average?
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Birth -death systems

Ao AL A

As

QQQOQ

My Mo M3
O time MC
A
th
0
TQ =0, Q=
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Birth -death systems (cont’d)

O In steady state, the state change rate must be .

= Ok k =~ Ok k-1 — Ok k+1

k1 A
_ﬂo/]o +7T1ﬂ1=0—) ﬂlzﬁﬂo Ek:MEu:(H . )TIZU
#1 ukpk—1"'u1 I p'j+1
ﬂ;u},u — (ul +A,1)11;1 +p, = 0 ;Z:;nk =1->mx(1 +k§=;, 1] }.I..j )=1
)‘. i+l
p’l k=1 l
m (Y, w =y I SR
p’l p’zp'l nu e o k-1 k ’nk - o k-1 },
: 1+ 1] 14+) :
k=1 j=0 p.] . k=1 j=0 pld
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Birth -death systems (cont’'d)

O 2
1 = ﬂj+1
LS TG I
1+ZI—! j 1+z j
AR */ AR 2/
O Ergodicity
O Aperiodic

0 Recurrent non-null (check if r, # 0)
n, = An, ;w, #0 ifmy #0andA #0

s=toreniM g5 1
o L) k=1jD0Hj+1 C T Gk A
i=0H 41
S S, Markov Chain
< o0 =
= |=oo Recurrent null
= < o0

Q For convergence, there must be & beyond whichA < p
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M/M/1 queue

A A A A
T T~ T~ T~ T~ T T

(9 (3 (p ()3 ()4

M M M M
(constantA, L)

0 At steady state

A
AT, =Ty, - Ty =ET[0

A Ao
AT =T, - T, =—14 = (=),
1 2 2 IJ- 1 IJ-
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M/M/1 queue (cont’d)

Ak A
n =(_) 1! ’_=p
TR
T, =p“T,
% 1
>m =1; HOZp =1; m, = 1 =1-p
k=0 k=0

1-p

N =3 km, =(1-p) >kp"

k=0 k=0
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M/M/1 queue (cont’d)
O Ergodic if A<

% 1
NP N

dp dp
Thptl=- (1)
k=0 (1-p)?
1l e Kk 1
= kp® =
p& P T a-py
had k k — p
S T a-pp

P P
N =(1-p) -
(1-p)* 1-p
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M/M/1 queue (cont’d)
OO Another approach for getting N

1, = (1-p)p"
M (2) = Y m 2"
k=0
= (1-p) X (pz)
k=0
_1-p
1-pz
d -« p(1-p)
N=2 _=P-"h)
dZT[ (Z)‘ z=1 (1_pz)2 z=1
_ P
1-p

O N, = Average number of customers in the queue
o
1-p
(* p is service utilization which is average number ofustomers
In the service *)

:N_p: 1_’0p—p=
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M/M/1 queue (cont’d)

O Avg no. of customers in servicez[C]
C: r.v., 1if a customer in service, O otherwise
PIC=1]=X-pp" =1-Tp =p

E[C]=0xP[C=0]+1xP[C=1]=p

0 By Little’s theorem

"CH

N : :
T :X = = average time In server

=

-p
A
1w
-p u 1-p

= (p/(1-)) (1) = _ (14
(Any incoming job sees customers in the system. Thus, it needs to
wait N(1/u) time for them to the system to get the service.)

"CI—‘ TP

(average waiting time in queue)

1
T, =T-=-=
° T

=
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M/M/1 queue (cont’d)

O Prob. density function of waiting time, w(t)
W:R+gx
W(tk)=S,(t)dS,(t)0---0 S (t)
W' (k) =[S (9] =[- £ ]

U+S
W (s) = 3 "J:S]km (Proof)
) . u Tw(t)dt - (l—p)+°f(l—p)pﬂe“1"’“"dt
=y “(1- . ° g o)
k=o[/,[ + S] d-p)p =d-p)+ (1‘,0),0,Ue_(1w‘60
= (- p) U+S =1-p)tp=1
L=p)p+s Hencew(t) is a correct function.
pU
=(1-p)+@1-p)
s+(1-p)u
w(t) = 1-p t=0

(1-p)pue-t-Pt  t>0
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M/M/1 queue (cont’d)

D :—E * A==(1- -1 _
E[T] =~ F (9s0=-0 p)pﬂ(s+(1_p)m2\s_o
A
= P = /12 =Tn Or
Q-pu 1-p °

E[T] = [tw(t)dt = (1- o) ou|te” P HAdt
0 0

te_(l_p)ﬂt © _°° e_(l_p)ﬂt
-(1-p)u° -A-p)u
Q-p)u-A-pu° A-pu °

dt]

=1-p)pH4

=1-p)pu
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M/M/1 queue (cont’d)

O (Ex 6.4) M/M/1 queue of arrival of 2 per minute andserve of 4 per
minute. How many customers on the average?

A=2;u=4 p=
N =p/(1-p)=1

O (Ex 6.5) M/M/1 queue of 4 people in the queue exaling the one in
service. What is the average utilization?

No=p7(1-p) =4
p2+dp—-4=0
p=—2+ (4 +4)=-2+ 2/2=0.828
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M/M/ oo queue

A A A A

T T~ T T T T

(9 (9 Cp ()3 ()4

Will there be any customer

waiting in the queue at any
moment?

O Infinite servers, constant arrival rate A, constant service ratg. per

T 20 34 4u
customer
O py =k
k=1 A 1 A k
T, = = (—
K (jl:lo(j+1)|1)n0 k!(ll) T
A
S S SR Sy
B o 1 A K S 1 A K B A B
1+y — (2 =2
kz=:1k!(u) kgok!(p.) et
A
()
T, = i' e ¥ : Poisson density
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M/M/ oo queue (cont’d)

O Ergodic if %<oo since

S =e'<w i =
()

0 Calculation of Nand T

B <*> A Az A
T () =e ™ Z = Met =e ¥
g A A(z-1) A
N=— (Z)‘ = =—e ‘ -1 =
dz W u
N 1
T=—=—
AU
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Exercise

O (Ex 6.6) m-server loss queue. Solve for the steady-state pratmlity
of k customers being in the system.

A _
© 0 1 e Bc
M atll

* A
UG = ATty T4 =TT,
A A A
2um, = Am, M, = Zﬂﬂi 2,Ll,uﬂo
eoo
e =( ). k<m
m1 A m1 A
mL(A+>—())=1 m(>2—()")=1
o i (ﬂ) ) o(gok! (ﬂ) )
7= 1
0 1, A«
kZ::ok! (,u)
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M/M/1/L/IM queue (M > L)

CNclol CEE

1 1 1 1
O A = M-K) A K<L <1 (M - j)A M A
K {( ) =M=, - -S)m,
0 k=L R (M —K)! "
1
uk - u T, = L M1 1.
1 (%)
HU, = MATT,, 771:M7A7To +;(M _J)'(:u)
=M -0ar, =M SHANMEDA A
U uoou U
X X T ]
k = ( A ) N :an[(
] ('U)J k=1
;(M =)
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Exercise

O (Ex 6.7) Consider (M/M/1/L/x) queue. Find the probability of there
k customers being in the system.

*x A A A
T T~ T S S
(0 (1 @@=+ O
u u u

*

A
HTL = ATy, T4 =T,
p) A
HT, = A, 1, = () = (7)1,
(N N )
m=( ) ksL

AO il +iz ++AL =1 I_11.21
(ﬂ) 7%, (u) 7%, (ﬂ) Tty + (y) %, ﬂo(jZ:;,)(ﬂ) )
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Non-Birth -Death Systems

O M/E,/1 queue Assumer =4 and the state is 7.
1) How many jobs in the waiting queue?

OO e (O

i) How many more stages the job in the service need to bedund|
O Erlangian service queue: one server afsequential stages —

O State: number of stages of service to be completed

A
“——4 < <

ru ru ru ru ru ry
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M/E /1 queue

O A job is processed sequentially through stages, each taking an
average of 1/u) time. The total average job processing time is

rx (1/(rp)) = Lp
O -\ Tl = IUTY
1 A+ TR = rpm,, O<k<r
A+ =rpm,, YA, k2=

O S@+mze =Sum, ()

S(A+rmrg = Srux, 2 +YAx, 7 5(2)
1) +(2)=
(A+ r,u)i r7 = iryyrmz" + i}i.zk_rz"

- rl’l - k+1 r = k—r
_ 7 ;Ekﬂz +/1’z Exk—rz
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M/E /1 queue (cont’d)

(A+rp)z (3)-7,] =’f[x‘(z)—:r1z—x01+zz’x‘(z)

(A+ru)mz—rurz—rux,

' (2)=
(2) (A+rp)z—ru—A7™
— (Z - l)rﬂﬂ—-n — (A’ﬂ-n — rﬂz-l)
(A+rp)z—ru—Az
Z) = TH7% = i =
A +n)z-rm-Az"™" Az - Az™
nu +
Z -1 Z -1
IUTT, _ IUTT, _ THTL
S r-1 I
-z m=2Azy z" -1y z"
- n=0 n=1
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M/E /1 queue (cont’d)

—ka 2| o = sz=1 fég to be a PDF

|IrT}7T(Z)_|IIT} ﬂr = :1770:1—1:1—,0
- Z - ,_ﬂ_/‘zzn /'/,l—/]/’ /J
T (2) = 1}\_F: = 1p_f)
-—>2z" 1-- 37"
NHn=1 I n=1

_(r+Dp

O E[K] = avg no. of stages of service -in (2)] 5= = 20 p)

dz

E[C] = avg no. of stages left in service §|—=pil

i=1 I
(i = the stage no. the server is |n)
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M/E /1 queue (cont’d)

(ex)77 (2) = 1=p
N = EIKI-E[C] _p°(r +1) (1—Z)<1—ZZ)<1—Z)
| r 2r (1-p) ’
2(r +1) =a-p)( s Rz oy A
_ _opA(r+
N=p+N, =p+ 1-£ 1-%£ 1-%
A 2r(1-p) 2, Tz, 1z
p(l‘+1) A1: 1 ,A2: 1 ,A3: 1
Z Z Z, Z, Zy Z,
?\ H 2ru(1 p) (790 @Bk @-2)-)
_ L 1
lf(Z) = Z 1 Zp _mzlr,lm:tnl_zn
(1-21)(1-22)- a1--) Zy,
A - 17Tk-(1 P)(%Jf% %) (Note: . —— A Aa")
- (1_ p)Zl yA A” =m=ll-rln¢n
n= 1_7 1_5
Z Z
m=1-pr
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Non-Markovian systems

OO Many systems are not M/M/x/x/x, having other than Bisson arrival
and exponential service time

O To ease the analysis of the M/G/1 systems, use fhaet that “the

average of a sum of r.v.’s Is the of theirdwvidual average’s,
regardless of distribution or dependency”

O FCFS M/G/1 queue
W: waiting time in the queue
= N X + waiting time of customer in service
(Ng: no. of customers in the queu& : avg. servitene )

v2
— X
=NgX+ (1-p)-0 +p—
2X
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FCES M/G/1 queue(cont’d)

O N,=WA,p= AX

W=XAW =p—  (Pollaczek-Khinchin eq.)

A2

- 2(1-p)
T=W+x,N=TA

O M/M/1
B*(s)=

U
p+s

N=p+
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FCES M/G/1 queue(cont’d)

O (Em 6.2) M/E./1

a0

d 15_d° r+1
X=——B* =, 2=_"_B* =
X dS (S) s=0 /[ X d 2 ( )S—O rﬂZ
A@1+r1)
2 2
N=p+ T AT
2(1-p) 2r(1-p)
O (Em 6.3) M/D/1
x=C, x’=C?
2
N=p+N,=AC+ AC A
2(1-p)
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Priority M/G/1 queue

O LCFS (last come first serve) / HOL (head of the lig)

Class 1 arrival

.......... 3 2 Class 1

v

O A, arrival rate for class-m
X_m: average service time for classa
pm(:/lnx_m): fraction of time classim s served
O Highest priority job sees an M/G/1 system (in a premptive system)

O The next highest sees service available only tp,) of the time

O In a non-preemptive system, the highest priority jos see an M/G/1
with a service time of the one being sedve
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Priority M/G/1 queue(cont’'d)

No. of higher priority
jobs arriving during w,,

N;
m (_A_\ m-1
w, =w, + 5% (Aw)+ £ x (Aw,)

1stterm : delay due to jobs in

2nd term: delay due to jobs ,
which are equal or higher priority

3'd term: delay due to arrivals of er
priority jobs while waiting

I N N

Hee Yong Youn
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Priority M/G/1 queue(cont’'d)

Wl
Wl

W2

2

w

=W, * oW,
W

1-p,

=W, + oW, + W, + p,W,
_— Wo
C(1-p-p)1-p)

w W

mzafgmna—gg)zﬂ—aoﬂ-am)

(o, : fraction of time spent on classes of equal or

SungKyunKwan University
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Elp. x for non-preemption
Wo= 4 =
Y p; —— : for preemption
Li=1  2X
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Simulation of M/M/1 queue

SungKyunKwan University
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CUST =0

\ 4
n_arr = clock + exp

'

A 4

n_dep = clock + exp

A 4

Avgcus = cust * et + Avgcus
Avgdelay = cust * et + Avgdelay
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Simulation of M/M/1 queue (cont’d) N = Avgous/clock

CUST =0

A 4

n_arr = clock + exp

T = Avgdelay/t_arr
@ p = busy/clock

Y

Avgcus = cust * et + Avgcus
Avgdelay = cust * et + Avgdelay

SungKyunKwan University
College of Softwart

N
busy = et + busy
clock = clock + et
Y /n_arr\N
v <n_dep
tarr = + 1;,CUST = +1 CUST = -1
v
n_dep = clock + exp n_dep = clock + exp
¢ v
n_arr = clock + exp n_dep = o I
v

v v
O i >
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