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Markov Models

0 Modeling a system with
O Continuous state space
O Discrete state space(chains)

O For discrete state space systems

A P[S=X]$=S,51=, ., 3=8]=7

O Present state# f(past history)
= Memoryless
m Poisson and Bernoulli process
m Easy to model

O Present state f(past history)
m Complex process
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Timing of state change

O Timing of state change
a Discrete time
O Continuous time

O Discrete state space process

0 Present state Transiton ——— Next stat

Q Transition = f(Present state)
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Discrete state space process (cont’'d)

O Types

O Based on the time between state change (TBSC) aR[5,/S]
O Semi Markov Process/ Random walk/ Markov Process/iBh Death Process

TBSC P[S/S]
Semi-Markov Arbitrary Arbitrary
Random Walk Arbitrary P
Markov
Birth-Death Arbitrary, | ll(:J llzi
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Domains of stochastic processes

Semi-Markov
Markov /Qandom Walk
Birth-Death
SungKyunKwan University #5 Hee Yong Youn

College of Softwart



Poisson process

O Superposition: m independent Poisson processes merge together

Source 1l A,
| | A
|

F @ (Z) — e—/lkT (1-2)
k

Am
Sourcem
O Total arrivals are (due to )
F (2=1IF, (9 =e"""
k=1
A=Y
i=1
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Poisson process (cont’d)

0 Decomposition

Ay

Am

OO0 Memoryless

X (interarrival)

| Y |

R-

t. arrival
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elapsed time

t.., arrival
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P[R<r|X>Y]

_P[R<r,X>Y] _P[Y<X<Y+r]

~ P[X>Y]  P[X>Y]
_P[X<Y+r]-P[X<Y]

- 1-P[ X <Y]

3 (1_e—A(Y+r) )_(1_e—AY ) _ e—/lY _e—/l(Y+r)
- 1-(1- e ) - e
=1-e™" =P[R<r]
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Poisson process (cont’d)

O Invariance property

Server

Poisson

H
)‘in )‘out

O Sever: exponentially distributed service time

QIf A, <pthen A, =A, andthe outputis also Poisson
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Poisson process (cont’d)

/]in = i I:)iAin

if Oi PA <y
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Discrete vs. continuous time Markov chain

O Discrete time
= P[SK(tn pe AS)D%(’[”)] = pjk(tn)
= P(tn) = [pjk(tn)]
a Time spent irf§ is memoryless> geometric distributior> Bernoulli
process

O Continuous time
0 P[S()OS()] = hy(t.t")
0 H(t't") = [hy(t.t)]
a (t" —t') is exponentially distributed

0 Homogenous Markov system
a P(t) =P(t) =P
a H(t't") = H(Ot" —t') (System parameters do not depend on the absolute
value of time, but only on the time difference)

SungKyunKwan University #10

College of Softwart Hee Yong Youn



Representation of Markov chain(MC)

OO0 Stochastic matrix / state diagram

0.5
States A B C C 0.8 /3
A 0.2 08 0O @ 0.1

B 0.1 05 Q4 0.7 0.4
C |07 0 03 @

0.3
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State classification

0 Recurrent: once in that state, will return to it with probability 1

O Transient: not recurrent

0 Recurrent nonnull: finite mean time to return
0 Recurrent null: infinite mean time to return

O Recurrent aperiodic for somek, return to it in k, k+1, ... ,
transitions

O Recurrent periodic not aperiodic

SungKyunKwan University
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State

Transient Recurrent
Null Non-null

SN /N

Periodic  Aperiodic Periodic  Aperiodic
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Example

O (Em 5.1)

O (Em 5.2)
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FIGURE 5.4 An Example Markov Chain with Periodic States

FIGURE 5.5 An Example Markov Chain with Aperiodic States
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Example (cont’d)

1
1/21 l/
1 1

FIGURE 5.6 Periodic and Aperiodic Chains without Self-loops

O (Em 5.3)

O (Em 5.4)
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MC classification

0 When all state classifications are identical, the MC Is saitb be
of that classification

I Irreducible:; all states are from all other states

O Theorem: States of an irreducible MC are all the same type

O Ergodic: irreducible, recurrent non null,

An ergodic MC has a limiting probability for each date,
regardless of state
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Discrete time systems

0 State probability vector:
P =1[Pg Pis---» Pral » kz:p =1 (for an MC ok states)
O Single-step transition probability matrix:
P=[pJ, P(NP=p(n+1)

p(n): n-th step state probability vector
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Discrete time systems (cont’d)

(ex) @ 1

@ 0.5 @

05
p(0) =[100]
"0 1 0]
P={05 0 05
0 1 0
p@)=[1 0 0

p(O)P=[0 1 0]=p(1)

p(P=[05 0 05]=p(2)

pP=[0 1 0=p(3)

SungKyunKwan University
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1

p©)=[0 1 0]
p(OP=[05 0 05]=p()
pP=[0 1 0]=p(2)
p2P=[05 0 05]=p(3)

Period = 2
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Multistep state probabillity

O Multistep state probability: p(n) = p(O)P"
Q For system, as a steady state condition
p() = p(0)P~ = m (limiting state probability vector)

O (Ex)
0.5 0.5 0.25
(1) 2D
~0.75
[ 05 05 53 _ 5938 .4063 4 - 6016 .3984
0.75 0.25]| 6094 .3906| 5977 .4023
6001 .3999 06 04 06 04
p6 — P’ =  plo0 - :T[=[O.6 0.4]
5999 .4001 06 04 06 04
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Multistep state probability (cont’d)

0 Theorem: For a matrix A, if the sum of each row is 1 and the rows
are identical, thenA = A%2= ... = A*. For a vector, p , if the sum of
the elements is 1, thepA = [a row vector of A]

"0 05 05 O
05 0 05 0
0 0 05 05
05 05 0 O
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Multistep state probability (cont’d)

p(0)=[1 0 0 g p(1=[ O
p(2)=[.25 0 5 2% PEF]
p(4)=[.25 .1875 375 1815  p(5)
p(7)=[.1953 .2032 .3985 .20}2
(125 25 375 .2 (2031
. | .25 125 375 2 . | .1875
P2 = P° =
25 25 375 .12 2031
125 125 5 .25 2031
T 2 2001 4 27
so_|-2001 242 5
2 2 4 2001
2 2001 .3999 2]

n=[2 2 4 3
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5 5D

1875 .4063
2031 .4063
2031 .3906

2031 .4063
2 2 4 ]

P
2 2 4 P
2 2 4 P
2 2 4 2

125 25 .375 P5
1875 .2188 .406387]

2031
2031
2031
1875

Hee Yong Youn



Example

0 EmMS5.3
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[0.3; 0.3, 0.3,0:1, 0

0.2 0.75 0.0 ©.05 0.0
0.3 0.30 0.3 0.10 0.0
0.0 0.55 0.4 0.05 0.0
0.0 0.00 0.0 0.50 0.5
0.6 0.00 0.0 0.00 0.4

= [0.15, 0.48, 0.21, 0.11, 0.05]

p(@) pl1) p(2) p(3) pld) ploo)
1 0.20 0.265 0.1805 0.20560 0.215554
0 0.75 0.375 0.4350 0.37725 0.380389
0 0.00 0.225 0.2025 0.21150 0.190194
0 0.05 0.110 0.1170 0.12115 0.116653
0 0.00 0.025 0.0650 0.08450 0.097210
Table 5.2
p(0) p(1) p(2) p(3) pl4) plw)
0 0.30 0.15 0.204 0.1974 0.215554
1 0.30 0.48 0.372 0.3900 0.380389
0 0.30 0.21 0.228 0.2028 0.190194
0 0.10 0.11 0.121 0.1193 0.116653
0 0.00 0.05 0.075 0.0905 0.097210
Table 5.3
#21
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Steady state probability

lim p(n) = 1= (T, Ty, T

n - oo

lim 5(n)P = lim B(n +1)

n—>00 n_)OO

TP =Tt
m ]
Solv ST, = 1'n steady state

k=1
O mtis an eigenvector oP for the eigenvalue 1
O (Ex)
05 05 0.25
1) (2D
~ 075
b= 05 05
0.75 0.25
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General multistep transition matrix
p(n)P =p(n+1)
b (2)= > p()Z
éﬁ(n)z”p = Z”‘B p(n+ 1)2 = %nzjob(m 1)2*
b (2)P= %{p (2)- To(m}

Zp (2)P-p (2)=-P(0)
5 (2)(1-2zP)=p(0)
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General multistep transition matrix (cont’d)

b (2)(1-2P)=p(0)

p (2)=p(O)I -zPT* = (a)

|3(n) = IS(O)P“ ,apply Z-transform

IS* (2)=pO)P (2) = (b) (z transform of P)

From (a)&b), P'(z)=[1 —zP]”
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General multistep transition matrix (cont’d)

O Procedure for obtaining P(N)

Q Obtain P*(2) by [I-zFA*
Q Inverse z-transform of P*(2) to getpn

0 p(n) = p(0)P"

(ex) 5.10
'3 2 5 " 1- .3z
P=|.1 8 .1 [I-zP=| -.1z
4 4 2 | - 4z
# 25
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General multistep transition matrix (cont’d)

O Matrix inversion
a minor = M; = determinant of matrix excludingr; & ¢

O cofactor =Cij = (-1)* M;
4 | A | =81 Cpt ApCrpt 305

C11 C12 C13 C11 C21 C31
Q Adjointmatrix=A ,4=|c, ¢, c.| =|c, C, C,
| C31 C32 C33 _ | C13 C23 C33 _
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General multistep transition matrix (cont’d)

3 .2 .5 [ 1- 3z - .2z - 57
P=|.1 8 .1 [I-zP]=| -1z ¥ .8z - .1z
_.4 A4 .2_ _—.4z -4z % .2_::
. : -1 Aadj
Inversion: A - =
A
“ —ZP\—(l— 32)1— 8z -.1z +C22)F 1 -.1z -.1
: -4z 1- .2 ' -4z ¥ .2
-1z 1- .8
+(—.52)
-4z -4z

=.122+ .27 - .13z 1
=(1-2)(1- .5z)(+ .2z2)
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General multistep transition matrix (cont’d)

P*(z)=[1- zP]*
— [I_Zp]adj
(1-2z)(1- .5z)(1+ .2z)
i 3277 z 4 7° z 19 7
1-z- + —
25 5 25 2 50
i 7° z 1 7 7 v4
< 4 1 - =+ + =
10 50 2 50 10 50
2z  72° ZOr 1o 1lz+ 11 2
| 5 25 5 25 10 50
(1-2z)(1- .5z2)(1+ .2z)
1 1 1
= A |+ B |+ C
1—2[ ] 1 - .52[ ] 1+ .22[ ]

SungKyunKwan University
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General multistep transition matrix (cont’d)

O Multiply both sides by (1-z), and plug 1 forz, then

1-1+.12 _ 012

M5+ 2) 06
_1+.02_012 1
7706 06 8"
SungKyunKwan University # 29 Hee Yong Youn

College of Softwart



General multistep transition matrix (cont’d)

1
P*(2 = C
(3= =)
é—?é =58 [214
7 7 7
N R N R e
1-z15 5 5 .5 35 35 3 -&z2314
131 | 8 16 8 |- -
|5 5 5 35 35 3 e
1
Z|a"|=
1-az
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General multistep transition matrix (cont’d)

] 228 e
[l 7 7
p=l 3 o5 L - o 0 0 o
5 5 5 H H H 3 1 4
L 8 16 8 = o
555 | 35 35 3 L r T
1 3 1
5 5 5
pP" = A as n - o
5 5 5
S
|5 5 5]
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General multistep transition matrix (cont’d)

O Property of characteristic equation ofl —zPLI
Q If there is more than one root of magnitude 1, themeriodic

Q If the degree is less than the size of row (numbeif states), then
reducible
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General multistep transition matrix (cont’d)

O Ex. (5.4) 1 05
O )
|55 0.5
op=10_01|_1 -z |-zP =(1- .52) - (.522) =1- 52— .52 = (1- Z)(1+ .57
[1-2F] {o 1} Z{.5.5_ [.521—.52} -2A=0-59=(52) (d=2)d+>2)
) !1 5z z]
[l -ZP]adj :[Cn CZl}: 1- .5z Z} P*(Z): [l -ZF)]adj 5z [b]
Co Czf [ 5z 1 (1-2)(1+.52) (1-2)(1+.52) 1 2 1+ 57
!05 1] - {2 —2] o, 1 2] 2 7
05 1| _|5 % -1 1| |3 = 112 3|, 1 |32 "3
a 3 3| [pl= =3 3 P*(2)=_~_[3 3|+ 3 3
)= 1+.5 {1 2} 2 1-(-2) {1 1 (@) 1-7|1 2| 1+57/_1 1
3 3 3 3 '3 3] 3 3
1 2] (2 2]
- no A bn=|3 3li—ep 3 3
SinceAa E'P = 12 +(-.5) 11
3 3] | 3 3.
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Mean first passage and recurrence time

O f;(n): prob. of the first passage to Staté-from State in stepn
O py(n): prob. of the passage to Staté-from State- in stepn

Pk(0) =0 ] #Kk
p;(0) =1 i
P (M =2 _ i (M)pgy(n—m)
Zm _; Tk (M) Py (N =m) + 1 () Py (0)

fik (M) = P () =D~ (M) P (n—m)
f.(1)=p, Q)

f.(2)=p,(2)-1,()p, 1)

f,.(3)=p, @), (Dp,(2- 1, (2p. (D)

SungKyunKwan University
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Mean recurrence time
P (2) = 1,(2) P (2) .izk
p?j (Z) =1+ f; (Z) p*jj (Z) =K

* n .
|ou(2)=1 —+0 (2)

—Z
1-2

f,(2)=1- ;
N +(1-2)g (2)
IR

J

NG

M, +(1~2)g (2

1

my = I'I— : mean recurrence time

j
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Example

O (Em 5.11)

Main A Subr B
e Return
nf, ’ FIGURE 5.9 Markov Chain for @ Modular Program
Call B Subr C
Call C If () call B -
010000 0 0]
001000 O O
Gt 000100 0 0
Bud i B 000010 0 0
FIGURE 5.8 A Modular Progra 00000p1—-p0
000000 1 Of
000000 0 1
— 100000 i
[77..7%]P =[17..7Tg] k 0 0l
Tig =7W =Ty =TIz = 7y = 75, P71 = 7lg,(1-p) 75 + 715 = 717, 717 = Tig
(p)rm + prg = 17,7, = 7;
m+pm=Lm=1/(7+p)m;=7+p
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Mean first passage time
my =Py X1+ 2 Pin (I+mpy)
nzk

My 5= PygtPra(1+ Myg) +pyp(1+ My
My5= PogtPoi(1+ Myg) +Py(1+ Myy)
M= (P15+PrA1+ Myg) +P1)/ (14019
Mys= (P2g+Poa(1+ Myg) +P20)/ (1900

7 Larmg+l Larmy+l
it _3talems i _3t3tem.
2 2
3 3

M, = 1+1+£nz3+1 3+m,,. My, = 1+1+m,+1_3+m;

3+ 3+3+rr% _9+ i i
ms= 2mZS: 22 m'LS ;M3 =3,M;;=3
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Continuous time systems

O H(E ) = [yt 0] = PIS () 0S @), = t + At

OO0 AssumeAt is small enough such that only one transition is

acceptable. Then
p(t) P(t, t+At) = p(t + At)
p(t) P(t, t+At) — p(t) = p(t + At) —p(t)

oy P(LHA) -1 p(t+At) - p(t)
P At B At

Q) = lim P(t,t +At)— |
At-0 At

PR = 3 ()

SungKyunKwan University %138
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Transition rate matrix

O Instantaneous rate of change of probabilities

p, (t,t +At)
At

Oy (1) = ljtrpo , 1 #K

O g (t) is the PDF of the time between transitions fromtate-j to Statek
(j #k), while the transitions are memoryless (MC).

O Thus they are the parameters of distribion function

O q(t) § =K) is equal to the sum of all the rates for changingom the curren
t state to all other statesx (—1)

O q,(t) is the PDF rate for staying in Statek. 1—-q,,(t) is the rate for leaving
Statek. Subtracting | results in the negative sign.
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Steady state probability

O Q(t) is the transition rate matrix, and the rates areconstant

with t for homogenous MC.

d
POQ= . Pt

Qs
P[S |S] =§
O (Em 5.12) Three people sharing three phones.
—U—-2A =2u-A
3\ 2\ A
—3\ <« %@/&? —3u
H 2U 3u

O Steady state probabilities
m=1im p(t), Q=0,x 7 =1

SungKyunKwan University
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Simulation of Markovian systems

0 Event-driven simulation

a (ex)
-
T PBX [
Trunks
Phones <
N
New call
> _
—® -
Hang up
SungKyunKwan University # 41 Hee Yong Youn
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Simulation of Markovian systems (cont’d)

calls=0event=0
-
event=event+1
v
RNG(PROB)
v

newcall = callrate*( phones - calls)
hangup = callsioldtime
para= newcall + hangup

v
etime = —1/para
etime = etime * In(PROB)

v
AVGCALL = calls * etime +AVGCALL

VARCALL = calls?* etime +VARCALL
v

clock = clock + etime

v
RNG(PROB)

.

SungKyunKwan University
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Simulation of Markovian systems (cont’d)

totcall = totcall + 1

calls = calls - 1

calls = calls + 1 blovck:block+1
AVGCALL = AVGCALL
il clock
event < VARCALL = \/ UARENL — AVGCALL’

limit clock
\_, collect statistics BLOCK - bl OCk
totcall
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