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Transform

 A _______ defined on a domain of functions of t  which produces a 
new function of  s

 For easily solving equations

f(t)
F*(s)L(f)

L-1(F*(s))
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Transform (Cont’d)

 L: linear operator

L(αf(t) + βg(t)) = αL(f(t)) + βL(g(t))

 Applications

Transform Application

Fourier Sine & cosine Equation

Laplace Exponential & differential Eq.

Z Geometric series & difference Eq.
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Z-Transform

 For discrete-valued functions

 Z(f) = F*(z) ≡ fkzk, z ≠ 0

fk = 0  (k < 0)  for probability density

Thus F*(z) ≡ fkzk
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Z-transform Table 
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Z-Transform (Exercise)

 Obtain F*(z) if fk = k + k2
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Z-Transform (Exercise)
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 Obtain the z-transform of the Poisson density function,
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Inverse Z-transform 

 fn =

 Table look-up technique

 Partial expansion
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Inverse Z-transform (Exercise) 23103
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Inverse Z-transform (Exercise: same order)
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Inverse Z-transform (to get only a few first terms)  
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Inverse Z-transform (Exercise: multiple roots)  
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Difference Equations

 (ex) 2fk = fk-1 + fk+1 , f0 =  

2fkzk =     fk-1zk  +     fk+1zk 

=  z fk-1zk-1  + z-1 fk+1zk+1 

=  z(F*(z) + f-1z-1) + z-1(F*(z) −f0)

2F*(z) = zF*(z) +   (F*(z) − )

F*(z) = = = 

fk =                         (k+1)

f0 =   , f1 =   , f2 =   , . . .
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Difference Equations (Exercise)
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Laplace Transform (s-Transform)

 For __________ functions

 L(f) = F*(s) ≡
For probability density, f(t) = 0 (t < 0)

Thus F*(s) ≡

 (Em 3.7) Laplace transform of the PDF of exponential distribution 
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Laplace Transform (s-Transform)

 (Em 3.8) Laplace transform of ttetf λ−= 8)(
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Laplace Transform Table
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Inverse Laplace Transform 

 Table look-up technique

 (Em 3.9) Inverse of  
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Differential Equation

 f(t) ⇔ sF*(s) -

⇔ F*(s) 

 (ex) + 3 = − 4f(t)

sF*(s) – f(0) +   F*(s) = − 4F* (s)

F* (s) (s +    + 4) = f(0)
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Generating Functions

 Special properties of transforms

F*(z)      =     fkzk = f0

F*(z)      =     fkzk =      fk = 1

F*(s)      =                     =             =1

 Expectations

(-1)n ⇔ tn f(t) 

z              ⇔ kfk

0z=

∞

=0k 0z=
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1=z 1=z 
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Generating Functions(Cont’d)

 F*(z) =  f0 + f1z + f2z2 + …

= f1 + 2f2z + 3f3z2 + …

=f1 + 2f2 + 3f3 + … =      kfk = E[K]

= 2×1f2 + 3×2f3z+ 4×3f4z2 + … 

= 2×1f2 + 3×2f3+ 4×3f4 + … 

+ E[K]

= 2×1f2 + 3×2f3+ 4×3f4 + … + f1 + 2f2 + 3f3 + …

= f1 + 2(1+1)f2 + 3(2+1)f3+ 4(3+1)f4 + …

=     k2fk

= E[K2]
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Generating Functions(Cont’d)

 E[Tn] = (-1)n

 (Em 3.12)fk  =  (1-p)k-1p

F*(z) = 

E[K] =      F*(z) 

= 

=                    = 

nds
(s)*Fnd
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Generating Functions(Cont’d)

 (Em 3.11)  Find the average of r.v. T of exponential distribution

 (Ex 3.6)  Find the average of r.v. K of Poisson distribution
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Sum of Independent Random Variables

 U ≡ V + W, V and W are independent

P[U ≤ u] = f(u)

P[V ≤ v] = g(v) f(u) = 

P[W ≤ w] = h(w) =

P[U = u] = fu fk  =      gn hk-n 

P[V = v] = gv =     gk-n hn

P[W = w] = hw (Convolution)

 Convolution Theorem

f (t) ⊗ g (t) ⇔ F* (s) G* (s)

fk ⊗ gk ⇔ F* (z) G* (z)

du
d

 

dv
d

 

dw
d

 


∞

∞- v)dv-g(v)h(u


∞
∞- w)h(w)dw-g(u


∞

−∞=n
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Sum of Independent Random Variables(Cont’d)

 (ex) hk  = fk ⊗ gk,  fk  = gk  =     1 0 ≤ k ≤ 2
0 Otherwise

hk  =     fn gk-n 
∞

−∞=n

n -3 -2 -1 0 1 2 3 4 5 hk

k 루 0 0 0 1 1 1 0 0 0 0(k<0)
0 g(0-n) 0 1 1 1 0 0 0 0 0

fng(0-n) 0 0 0 1 0 0 0 0 0 1
1 g(1-n) 0 0 1 1 1 0 0 0 0

fng(1-n) 0 0 0 1 1 0 0 0 0 2
2 g(2-n) 0 0 0 1 1 1 0 0 0

fng(2-n) 0 0 0 1 1 1 0 0 0 3
3 g(3-n) 0 0 0 0 1 1 1 0 0

fng(3-n) 0 0 0 0 1 1 0 0 0 2
4 g(4-n) 0 0 0 0 0 1 1 1 0

fng(4-n) 0 0 0 0 0 1 0 0 0 1
5 g(5-n) 0 0 0 0 0 0 1 1 1

fng(5-n) 0 0 0 0 0 0 0 0 0 0(k≥5)
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Sum of Independent Random Variables(Cont’d)

 If hk, fk, and gk are PDF’s, then

fk = gk   =  0 ≤ k ≤ 2

0      otherwise

fk  =    gk  = 1

h0 =   , h1 =    , h2 =    , h3 =    , h4 = 

hk  = 1

3
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Example of Convolution 

f(t)

1

1
t

t

t

t

g(t) 

f(τ) g(-τ)

2

0.5

1

1

2

- 0.5
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Example of Convolution(Cont’d)

=                       2t,   0 ≤ t ≤ 0.5

τττ dt
0 thf( − )()

 =×t
0 2dτ1

=                           1,   0.5 ≤ t ≤ 1

τττ dtht
-0.5t f )()( −

 =×t
0.5-t 2dτ1
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Example of Convolution(Cont’d)

=                       2(1.5-t),  1 ≤ t ≤ 1.5


1
-0.5t d-)h(tf( τττ )

 =×1
0.5-t 2dτ1
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Example of Convolution(Cont’d)

f1(k)=u(k)-u(k-4) f 2(k)=e-k u(k)

f1(n) for k = 1   

Multiply 
and 
Sum

=

+

f2(-n)             g(0)

. . . 
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Example of Convolution(Cont’d)

f1(n) for k = 1   

Multiply 
and 
Sum

=
1+e-1

k
1

+

f2(1-n)             g(1)

. . . 

f1(n) for k = 1   

Multiply 
and 
Sum

=

+ . . . =

f2(1-n)             g(2)

. . . 
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Example of Convolution(Cont’d)
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Meaning of Convolution

 Two independent sources of input, f and g, are applied to a 
component, where f0 = 1/4, f1 = 1/2,  f2 = 1/4,  g1 = 1/2, g2 = 1/4,  g3 = 
1/4. What is the distribution of the combined input, h, to the 
component?

 h0 =P[H=0] =P[F=0]P[G=0]+P[F=1]P[G=–1] + … = 0

 h1 =P[H=1] =P[F=0]P[G=1]+P[F=1]P[G=0] + P[F=2]P[G=–1] … =1/8

 h2 =P[H=2] =P[F=0]P[G=2]+P[F=1]P[G=1] + P[F=2]P[G=0] … =5/16 

 h3 =P[H=3] =P[F=0]P[G=3]+P[F=1]P[G=2] + P[F=2]P[G=1] … =5/16 

 h4 =P[H=4] =P[F=0]P[G=4]+P[F=1]P[G=3] + P[F=2]P[G=2] … =3/16 

 h5 =P[H=5] =P[F=1]P[G=4]+P[F=2]P[G=3] + P[F=3]P[G=2] … =1/16 

 h6 =P[H=6] =P[F=2]P[G=4]+P[F=3]P[G=3] + … = 0
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Superposition

 Two independent sources are Poisson distribution, f and g, with the 
rate of λ1T and λ2T , respectively. What is the distribution of the 
combined input, h?
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Unconditioning

 To uncondition a transform without inverting (get F*(s) from F*(s│r))

 f(t) =    |r)g(r)dr

 F*(s) =            |r)g(r)dr]e-st dt

=            |r)e-st dt] g(r)dr

=      F*(s|r)] g(r)dr

 fk =      fk|ngn

 F*(z) =      fkzk 

=           fk|ngnzk

=      [ fk|nzk ]gn

=     [F*(z|n) ]gn


∞
0 f(t


∞
0 [

∞
0 f(t


∞
0 [ 

∞
0 f(t


∞
0 [


∞

=0n


∞

=0n


∞

=0k

∞

=0k


∞

=0n

∞

=0k


∞

=0n




