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Transform

OA defined on a domain of functions af which produces a

new function of s
O For easily solving equations

L(f)

A

L-(F"(s))
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Transform (Cont’d)

O L: linear operator

L(af(t) + A(1) = aL(i(1) + A-(9(1)

O Applications

Transform Application
Fourier Sine & cosine Equation
Laplace Exponential & differential Eq.
Z Geometric series & difference Eq.
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Z-Transform

0 For discrete-valued functions
OZz(f)=F()= Xz z#0

fy, =0 (k<0) for probability density

Thus F'(z)= 2 f,

O (ex) Z-transform of PDF of geometric distribution

F'(2) =X (1-pypz
=5 2 (1-p)2)

I 1
=12 ol—a-pz -1
- p (1—1+(1—p)z )
1-p‘' 1-(1-p)z

Pz
—1-(1-p)z
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Z-transform Table

Z-Transforms
Function <:> Transform
5, & 1
1
u, [l
I =z
A
Ao’ o
|l — az
n = &
{1 = g)
n+m-—1 - 1
=] HE & (1 — az)"
1 e’
— &
n!
F@) & .
fari k>0 & - = 27
e R0 = *F(2)
fare 1= 0,k2k, - & F(z")
nf, = ZEF(Z)
dz
!’1! e
~ <:> " F
(n — m)! I e @)

Note: 3, is the unit function which is 1 for n = 0 and O for n # 0 and y, is
the unit step function which is 1 for n = 0 and 0 for n < 0.

This table is reprinted with permission from Standard Mathematical Tables © 1976 CRC Press,
Boca Raton, FL.
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Z-Transform (Exercise)

O Obtain F*(z) if f, = k + k2

R e d d 1. 1
f. =k kzz(; kZ( Z“)z= zd (1 Z) =27
_ S <. d ’ d da®
f. =k? kz %z Z(z Z“) = ;Z( - Zdzzz)
P NPT IS z-
dzis dz* =
= i' — \''= 1 2 1
_Z(l—z)+z(1—z) Z(1—z)2+z((1—z)2
.z +(—2)(1—z)(—1)_z(1—z)+222
C(1-z¢ (-2 (1-z)
_ z+7
(-2
V4 z+ 7 _Z- 2 +z+7° 2z

F (2)= -
(1-z)° (1 zy’ (1-z) (1—2)
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Z-Transform (Exercise)

0 Obtain the ztransform of the Poisson density function,
k
fk = (At) ot

K!
* (A I (/]'[Z)
F(z)—é ¥ Z ( Note Z_
—e /lteAtz —e -At(1-2)
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Inverse Z-transform

— 1 dN
D fn n! W F* (Ziz:()

O Table look-up technique
O Partial expansion
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Inverse Z-transform (Exercise) r+ (z)=—>—12

3-10z +32°
A B

F*(z)= +

1-3z 3-z
(Methodl) Solvelinear system
3A-Az+B-3Bz=(3A+B)-(A+3B)z=9-11z
3A+B=9(1),A+3B =11 (2);(1)x3-(2) = 8A=16 0 A=2,B=3
(Method2) Partial expansion: 9-11z = a + B
(1-3z)(3-z) 1-3z 3-z
9-11z
3-2)

Multiply bothsidedy(1-3z),thenwehave

— A+—B (1-37)
3—-2

11 16
Next plugétoz,thenwehave 3 -3 -2=-7

3 1 8

3 3

Toget B,multiply bothsidedoy and plug__toz Thenwehave

3738, 3= B(Whichmethoddo youlike?)

F*(z)= 2 + 3 (Note:Aa”«:»li)
Z -az

1-3z 3-

k
f, =203 +1e (Ej
3
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Inverse Z-transform (Exercise: same order)

4-37-12 1 6-117 1 A 5
Fr(z)=_ 2 2" - 1, 3° __1, A
12-13z+37° 6 12-13z+37° 6 3-z 4-3z

(Methodl) Solvelinear system

4A+3B =6 (1),-3A-B=-11/3 (2);(2)x3+(1)= -5A=-50A=1B=2/3
6-(11/3)z _ A N B
(3-z)(4-3z) 3-z 4-3z
6-(11/3)z _ N
(4-3z) 4-3z

(Method2) Partial expansion:

Multiply bothsidedy(3- z),thenwehave

Next plug3to z,thenwehave 1=1= A

Toget B,multiply bothsidedy and plug__toz Thenwehave
6—44/9:10/9=g=
3-4/3 5/3 3
1 1 2/
F*(z)=—>2+
(2)=-2+-

a4
6 3\ 3
111 1 “ 173\
f=—>+=+=== (k= —| = —|—=1 (k=1
. 6363( 0) Esj 6(4j( )
SungKyunKwan University
College of Softwart

3 (Note: 9, = 1, Aa" = i)
-3z 1-az

#10

Hee Yong Youn



Inverse Z-transform (to get only a few first terms)

4- 3z—1 g

Z k k
F * = 2 = f :} k=0): }Léj +1(§j k>1
()1213z+3z k3.( )’33 64(‘)

Fx(z2)=f,2°+f 2+ 1,22+ . =f,+fz7+f,2°+..

(2)] =0

F*(0)=

1 17
—+—z+

3 72
12-13z+32° |4- Ez—%z2 Sof,=  f =
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Inverse Z-transform (Exercise: multiple roots)
z+7° _A B , C
(1-z)°* 1-z (1-2)* (1-z2)°
F*(2)=f,2+fZ+f,22+. . =f, +fz7+f,2°+..
A1-z)+B(1-z)+C=A1-2z+7*)+B(1-2)+C
=(A+B+C)+(-2A-B)z+ AZ =z+7*;0 A=1,-2A-B=1B=-3,C=2
or
Muliply bothsidesby(1- z)* and plugltoz: 2=C
—2+2+2° _ —(2+2z)(1-2) _—-(2+z) _ A , B

(1-2)° (1-z)° (1-2z)* 1-z (1-z)
Muliply bothsidesy(1-z)* and plugltoz: -3=B
3-(2+z)  1-z _ A

F*(z)=

5 = > = JA=1
(1-2) (1-z)° 1-z
7 + 72 1 -3 2 n+m-1 1
F*(2)= =—+ + , a" e ———
(1-z)° 1-z (1-z2)* (1-2z)° m-1 (1-az)"
K - k+2-1
T o R U T ST, S 1 = (k+1)(~3) = -3k -3
1-z 0 (1-2) 2-1
k+3-1
2 __ O P 1k:2(k+2)(k+1):k2+3k+2;SO,fk:k2
(1-2) 3-1 2
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Difference Equations

O (ex) 2f, = f, + fipy, Ty =2
kZ=:02kak B kz=:0f:_12k +kz=:o fkﬂka )
= zy f 1+t f 2T
k=0 k=0
= z(F*(z) + f,zY) + ZY{(F*(2) ;)
2F(2) = ZF(z) +1 (F*(2) -2)

> 2 2
a5 3 3
* — 3z —_ -
F(z) = r_ 1 T 1-22+22 T (1-zP
V4
k+2-1
_ 2 = 2
k=3 { 2-1 ] 3 (k+1)
_2 _4 _6
fo=3,h =3.,% “ 3
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Difference Equations (Exercise)

fo = f, =2k+1

f . 2= f .z =2kZ + Z*

li fo, 2" —i f z= 22 k2 + i 74
k=0 k=0 k=0

Zi>o

2+ 22+ 2+ 2 4. (=122
1-z 1-z
A-zA=(1-2)A=—2 [ A=
1-z
1, _. . Z 1
—(F (z)-f,)-F (2)=2 +
Z( (z)-f)-F (2) (=27 1-2
2 _
F' (z)-zF (2)= 2z +Z(12 Z);F* (z)= 2 &5 23) 0 f =k’
(1-2) (1-2)
(ChecK ) (k+1)°-k*=2k+1
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Laplace Transform (s-Transform)

O For functions

O L(f) = F*(s) =[- f(t) e”Slat
For probability density, f(t) =0 (t<O0)
Thus F*(s) =g f(t) e Sldt

O (Em 3.7) Laplace transform of the PDF of exponentiadistribution
F * (S) = 0Io/le_’]te_Stdt
0

= A ojoe—(/l +s)tdt
0

:A( 1 e—(,1+s)t 00)
—(A+59) i
1 A
=) x(-1)) =
Care ™15
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Laplace Transform (s-Transform)

O (Em 3.8) Laplace transform of f (t) = 8te™"

F * (S) = [steMe Syt
0

=8t (<[ t(r)g(vydt = (f(H)g()|§ - (1) g(t)dt)
0

Let f(t)=t and g'(t) =€ " then
—(A+s)t

— ot © w Qe (AFS)
= 8(tW‘O = é—(/]-l's)dt)
1 e—()|+s)t .
a 8(0_0_(—(/l+s) ~(A+s) ‘o))
1 8

=8(- (A+s)? (-1) = (A+s)?
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Laplace Transform Table

Laplace Transforms

Function & Transform
o(t) =1 1
u(r) = 2
s
fn—l 1
<:> —
(n — 1! g
Ae ™™ Lo’ 4
e “ult) o
ﬂ — ol @ 1
i 5+ oyt
d"
t"f(1) & (—1)"?!“‘(5)
fet —a) a=0 Lo’ e~ FFE(s)
2= R} = F¥s + )
d — B
E;f(f) & SF¥s) — f(07)
‘ F*(s) 1 d
& — == )
j_m o) dr § s dt e

Note: 8(¢) is the unit impulse function centered at O and u(z) is the unit step
function at 0.

This table is reprinted with permission from Standard Mathematical Tables © 1976 CRC Press,
Boca Raton, FL.
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Inverse Laplace Transform

O Table look-up technique
(A + p)s+2Au

O (Em 3.9) Inverse off *(s) =

s>+ As+ S+ Au
F*(s) = (A+ p)s+2Au
(s+A)(s+u)
A B
= +
S+A s+u
(A=_B=__)
= +
S+A s+u
f(t)=_ e+ e
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Differential Equation

d ey o
O, ) = SF(s) - lim 10
(Ddt = - FX(s)

O (ex) %,

+ 3j0f(r)dr = —4f(1)
sF*(s) —f(0) +€ F*(s) = —4F*(s)

F*(s) (s +2 +4) = f(0)

F*(s) = = :
& =10 +4 +3 1E(O)(s+1)(s+3)
A=__ B=
=T 6d)
=fO)(_e'+__e?)
SungKyunKwan University #19
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Generating Functions

0 Special properties of transforms
F*(Z) ‘Z=0 :k=0 T(Zk ‘z=0: fo
F*(Z)‘ z=1 :kzz_oo T(Zk ‘ Z=1:k=z—oo f.=1

F*(S) | =kt e™dtl=0  FiMdt I

OO0 Expectations
(_1)n%@ = thf(t)

7 dFJZ(Z) - kfk
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Generating Functions(Cont'd)
O F*(z) = f,+f,z+ 522+ ...
dF* (z) _

& =f, +2f,z + 3£+ ..
dF* @), =f, + 2f, + 3f3+ .= kf=E[K]
dz S
d°F* (2)
dz?
d°F* (2)
dz?
)+ EIK
= 2X1f, + 3xX2f+ 4X3f, + ... + f, + 2f, + 3f5+ ...
=+ 2(1+1)h + 3(2+1)k+ 4(E+1) + ...
—Z S
= E[KZ]

= 2x1f, + 3x2f,;z+ 4x3f, 22+ ...

a1 = 2X01, + 3x2f+ 4X3f,+ ...
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Generating Functions(Cont’d)

0 E[T7] = (-1p T4

- d<sN |s=0

O (Em 3.12)f, = (1-p¥?ip
« pz
F (Z) 1-(1-p)z
E[K] = F*(z)\ =1
"p-1- pyz p2r-p)
Q--pf
p2+p-p? =1
p? P
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Generating Functions(Cont'd)

O (Em 3.11) Find the average of r.vI of exponential distribution

—_ -At * — A
f)=Ae™ Fr(9)=——
__d .
E[T]= = F* (9
__q —1 _1
- /]((A_l_S)Z S=O) /]

O (Ex 3.6) Find the average of r.vK of Poisson distribution

F * (Z) — e/1T(z—1)

z=1

EIK] = F* (2

= ATe" Y _ = AT
d 2
E[K?] = F *(2) . + EIK] = + AT
SungKyunKwan University #23 Hee Yong Youn

College of Softwart



Sum of Independent Random Variables

OU=V+W,VandW are independent
U su] =f(u) )

P
P[V=<vl=9g() » fu)=[",9Wh(u-v)dv
P

Q\Q So Zo

W sw] = h(w) J = %% 9(u - wWh(w)dw
P:U:u]:fu \ szi g1hk-n
PIV=V=g, } =X gen hy

PiIW=w =h,’ (Convolution)

0 Convolution Theorem
f@Ug®) = F (s)G*(9)
fkdge = F(2G*(2
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Sum of Independent Random Variables(Cont’d)

O (ex)h, =f0g fr=09.= )1 O<k<?2
0) Otherwise
hk :nzz_:mfn gk-n
n 3|-2|-1/0]|1|2|3]|4]5]h,
kK | O (0|0 |1 ]|1|12]0]0]| 0] 0)
0O |gOon) |0 |1 |1 |1]|0|0|0O|0O|O
fgOn) [0 |[O |01 |0]|0|0O]|0O]|]O]1
1 |g1n) (0|0 (1 |12|12]|0|0|O0]O
fg(dn) [0 |[O |01 |1]0|0]|0]O0O]f2
2 |g2n) |0 (0|0 |1|1|1|0]|0|O
fg2n) [0 |[0O |0 |1 |1]12]|]0|0]O0] 3
3 |gB3n) |0|l0o|0|O|1|1|1]|0|0O
fg(3n) [0 |O|0O|O0O|1]1|0]|0]O0]2
4 |g(dn) |0 (0|0 |O|O|1|1|1]|0O
fg4n) [0 |[O |0O|0O|O|1|0]|0]O0]1
5 |g5n) [0 |0 [0|0|O0O|O|1]1]|1
f.gn) |0 |0 |0 |0]|0O|0[0]| 0| 0| G5

SungKyunKwan University
College of Softwart

#25

Hee Yong Youn



Sum of Independent Random Variables(Cont’d)

O If h,f,, andg, are PDF’s, then

fe=g = | 3 Osks2
0 otherwise
kzz:o fk :ké:og( .

_1 _2 _3 _2 — 1
hg _§’hl -9 ’hz_§ ’hS_Q’hl_g
thk =1
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Example of Convolution

(1)
1
-t
1

f(T)

1
>t

1

SungKyunKwan University
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Example of Convolution(Cont'd)

A
2 [§ f((r)h(t-7)dr
- kt)lx 2dr = 2t, 8t<0.5
t 1
A
2 | Lo e f(Dh(t-1)dr
= [Loglx2dr= 1, 0S8ts1
»
t1
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Example of Convolution(Cont'd)

SungKyunKwan University
College of Softwart

ito & f(7)h(t-7)dr

= Lo clx2dr= 2(1.5-), &t <15
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Example of Convolution(Cont’'d)

f,(K)=u(k)-u(k-4) fo(K)=e*u(k)
14 14 1
]
X Tte |
0123 0123
f,(n) fork=1 f,(-n) g(0)
A A A
14 Multiply e'd1 - 4
T T T and L..oelel T
)k Sum | » K » k
0123 -3-2-10
+
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Example of Convolution(Cont’'d)

f,(n) fork =1 f,(1-n) 9(1)
A
A A
-1
. Multiply 1 _ 1+e
1 e ]
g% Sum 21 >k > K
0123 2-101 1
+
f,(n) fork =1 f,(1-n) 9(2)
A
1 Multiply 1 _ 1+e +e™
L e ]
> Sum A k > k
0123 K 1012 2
L —
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Example of Convolution(Cont’'d)

A1+e +e?

1+e s sl+el+e?+e

14 e +e?+e +e?
T Te'2+e'3 +e e’
5

| 4
0012 34 6
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Meaning of Convolution

O Two independent sources of inputf and g, are applied to a
component, wheref, = 1/4,f, = 1/2, f,=1/4, 9, = 1/2,9, = 1/4, g3 =
1/4. What is the distribution of the combined input,h, to the

component? f g h
f
b | 1 Lo, Latts,

g K k K
O h,=P[H=0] =P[F=0]P[G=0]+P[F=1]P[G=-1] + ... = 0
O h,=P[H=1] =P[F=0]P[G=1]+P[F=1]P[G=0] + P[F=2]P[G=—1] ... =18
O h,=P[H=2] =P[F=0]P[G=2]+P[F=1]P[G=1] + P[F=2]P[G=0] ... =5/5
O h,=P[H=3] =P[F=0]P[G=3]+P[F=1]P[G=2] + P[F=2]P[G=1] ... =5/
O h,=P[H=4] =P[F=0]P[G=4]+P[F=1]P[G=3] + P[F=2]P[G=2] ... =3/
O h.=P[H=5] =P[F=1]P[G=4]+P[F=2]P[G=3] + P[F=3]P[G=2] ... =1/6
O h,=P[H=6] =P[F=2]P[G=4]+P[F=3]P[G=3] + ... =
SungKyunKwan University #33 Hee Yong Youn
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Superposition

0 Two independent sources are Poisson distributiori,and g, with the

rate of A, T and A, T , respectively. What is the distribution of the
combined input, h?

F * (Z) — e_)llT (1-z2) G* (Z) — e—)IZT 1-2)
By convolution
H*=F*(2G*(2)

— @ A+A)T(1-2)

h, = (A, +k?2)T e"+4)T (* Syperposition *)

SungKyunKwan University #34 Hee Yong Youn
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Unconditioning

O To uncondition a transform without inverting (get F*(s) from F*(s| )
O f(t) =[5t |r)g(r)dr
O Fx(s) = [zt [g(rdiestdt

= [l ft [ryetdt] g(r)dr

= LLF*(sIn] g(r)dr

Of.= éofkmgn
O F*(z)= y &

I
M8i
M8
Xh
=)
(@]
-
N
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